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SAID MANJRA 

Abstract. Let K he a number field. We give an arithmetic characteri- 
zation at infinity of the differential operator of K[x, d/dx] with minimal 
degree in x annihilating a given B-function. Such an operator is called 
an E-operator. 

1. Introduction 

Let K he a number field and let Vq be the set of all finite places v of K. 
For each w G Vq above a prime number p = p{v), we normalize the corre- 
sponding u-adic absolute value so that |p|,„ = p^^ and we put — p~^/(p~'^\ 
We denote by the u-adic completion of K. We also fix an embedding 
K '-^ C For a real number r > 0, and a differential operator (j) G K[x, d/dx], 
we denote by Ry((j),r) the generic radius of convergence, bounded above by 
r, of a basis of solutions of in a neighborhood of a u-adic generic point of 
absolute value r. Recall that the Fourier transform T is the ii"- automorphism 
of K\x, d/dx] which satisfies J-{x) = d/dx and T{d/dx) = —x. A power series 
9 I]„>o""^" ^ -f'^IH] (resp. F = I]„>o ana;"/n! e is said to 

be a G-function (resp. an E-function) if there exists a positive constant C 
such that for any index n, the coefficient a„ and its conjugates over Q do 
not exceed C" in absolute value, and if there exists a common denominator 
dm ^ 1 for ao, . . . , a„ which does not exceed C". Shudnovsky proved in [CC] 
that the minimal differential operator of K[x,d/dx] annihilating a given G- 
function satisfies the Galochkin condition and such an operator is called later 
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a G-operator [Al, IV]. E. Bombieri proved in 1982 that the differential oper- 
ator which have G-function solutions near every regular singularity satisfies 
the condition Jlijeyo ^vi'pj 1) 7^ (called Bombieri's condition) [Bo, 10]. The 
equivalence between the condition of Galochkin and that of Bombieri was es- 
tabhshed in 1989 by Y. Andre [Al, IV]. In 2000, the latter showed that the 
differential operator of K[x,d/dx] with minimal degree in x annihilating an 
£J-function is the Fourier transform of a certain G-operator and he called such 
opeisitoTcs E-operators [A2, 4]. Recently, in joint work with Remmal [MR], we 
gave a local p-adic characterization of the £J-operators in the neighborhood 
of 0, which is a regular singularity. This result is given in term of the generic 
radius of convergence and provides an answer to a conjecture of Y. Andre 
[A2, 4.7]. In the present paper, we propose a local arithmetic characterization 
of the i^-operators at infinity (Theorem 3.1), which is in general an irregu- 
lar singularity of such an operator. This result is the analogue of the Local 
Bombieri property for the G-opcrators [CD, 6]. In the proof of this result, we 
cannot avoid the case of negative exponents as in [MR, 6]. This requires the 
standard Laplace transform instead of the formal one used in [MR, 5] . 

The importance of £^-operators comes from the fact that if y{x) is an arith- 
metic Gevrey series of nonzero order s and is a solution of a linear differential 
equation with coefficients in K{x), then y(a;~*) is a solution of an iJ-operator 
(cf. [A2, 6]). 

This article is organized as follows: 
In the seconde section, we start by giving some preliminaries which will be 
needed later. In section 3, we state our main theorem (Theorem 3.1), we 
give some key lemmas and we prove that the conditions of Theorem 3.1 are 
necessary. The section 4 is devoted to the Laplace transform C; in paragraph 
4.1, we summarize main formal properties of jC. In paragraph 4.2, we give some 
arithmetic properties of C. For a given differential operator ip € K[x,d/dx], 
we see in section 5, how we can determine the nature of solutions of d/dx.ij) 
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at from those of ip* at the same point. Using the results of sections 3, 4 and 
5, we prove, in section 6, that the conditions of Theorem 3.1 are sufBcient. 



2. Notations and preliminaries 



2.1 Differential modules. 

Let /C be a commutative field equipped with a derivation d, let K be the 
constant field of 9 in /C and let fihea positive integer. A differential /C- module 
is a free module of rank /i over JC equipped with an X-cndomorphism V 
of A4 which satisfies the condition V(am) — aV(m) + d{a)m for any m G 
and a e /C. To each basis {cj} of M over /C corresponds a matrix G = {Gij) G 
M^(/C) satisfying 

^^ 

called the matrix of d with respect to the basis {ci} (or simply the associated 
matrix of A^) and a differential system dX = GX where X denotes a cohimn 
vector fix 1 or II X fi matrix. A change of bases in Ai results in the existence of 
a matrix Y e GL^(/C) such that Y[G] := YGY^^ +d{Y)Y-^ is the associated 

matrix of d in the new basis. If = ^a^a' e JC[d] is a differential operator 

such that 7^ 0, one can associates to it the differential /C-module A^^ = 
IC[d]/JC[d](j) of rank fj, which corresponds to a system 



dX = AsX where A^t, 



I 



\ 





_ ao 





ai 



1 



is called the companion matrix of 0. One associates to ^ the adjoint op- 



erator 



One verifies that —'^Aa, is associated to Md,* = 



i=0 



IC[d]/JC[d](j)* . More generally, G is associated to A^^ = IC[d]/IC[d](f> if and 
only if — -^G is associated to A^^*. This comes from the fact that for any 
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Y e GL^(/C), one has 

2.2 The Newton-Ramis polygon. 

Let ^ = ^^<^j(^)(^) = ^^^^'^''■J'^"' (^) ^ ^ differential 

operator of rank fi. The Newton polygon in the sense of Ramis of (/>, which we 
shall denote by NR{(f>), is the convex hull, in the plane uv, of the horizontal 
half-lines {u < i, v = j — i \ Uij ^ 0} (of. [Ra]). 

With this definition, it is easy to check that NR{(/)) = iVi?((/)) (where (j) 
denotes the operator obtained from cf) by the change of variable x — > — .t). 
Also, NR{4)) has non vertical side if and only if is a monomial, in which 
case (f> has non nonzero finite singularity. 

The part of NR{(j)) located in the half-plane v < ordx{a^) corresponds to 
the classic Newton polygon N{(/)) of (j>. As for the part of NR{(j)) located in 
the half-plane v > deg{afi), it corresponds, by translation, to the transform, 
by the symmetry {u,v) — > {u, —v), of the Newton polygon N{(j)oc) of the 
operator 0oo obtained from (p by the change of variable x ^ 1/x (cf. [Ma, 
V]). The slopes of N{(l)ao) are called the slopes of (f) at infinity. 

This implies that the non-vertical slopes of NR{(f)) depend only of A4^, 
since N{(j)) and A/'((?ioo) depend only of (cf. [VS, 3.3.3]). 

The polygon of J^{(f)) may be obtained from NR{(I)) by applying to it the 
transformation {u,v) — > {u + v,—v) (cf. [Ma, V]). This implies, in partic- 
ular, that: NR{(I)) has non nonzero finite slopes if and only if all slopes of 
NR{T{4>)) lie in {0,-1}. 

If Ai, . . . ,A( are square matrices, we denote by ®i<i<eAi the block diag- 
onal matrix 

f A, \ 



n<i<i 



A; 



V 

with blocks Ai, . . . ,A£ on the diagonal. 
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2.3 Radius of convergence in neighborhood of singularities. 

Consider the differential field K, = K{x) equipped with the derivation d = 
d/ dx. Let be a differential operator of rank fi such that the slopes of A^((^) lie 
in {0, 1} and let G £ M^{K{x)) be an associated matrix of M,j,. The Turrittin- 
Levelt decomposition states that there exist a finite extension K' of K, a 
matrix Yo{x) £ GL^(/i''((a;))), called a reduction matrix of G (or simply of (j) if 
G = A^) at 0, an upper triangular matrix Co G M^(i>l'') and a diagonal matrix 
Ao e M^{K') commuting with Co such that Yq{x)[G{x)] = Aq/x'^ + Cq/x [Le, 
3] . By base change, we may assume that Co is in Jordan form. 

One observes that the matrix Yo{x)~^x'-'° exp(— Ao/a;) is a solution of the 
system = G{x)X. In the particular case where G = A^, the first line of 

Yo{x)~^x'-^° exp(— Ao/x) form a basis of solutions of (j) at 0. 

Ao = means that NR{(j)) has non-positive slopes. In this case, Mfj, and 
(j) are both called regular at 0, the solution of at are called logarithmic, 
and one verifies that the eigenvalues of Co modulo Z depend only on JVI^ and 
are called exponents oi JVl^ and at 0. According to what precedes, if the 
slopes of NR{(t)) at infinity arc in {0, 1}, there exist a finite extension K' of 
K, a matrix Yao{x) € GL^{K' {{x))), called a reduction matrix of A^ (or of (j)) 
at infinity, an upper triangular matrix Coo G M^(i4r') and a diagonal matrix 
Aoo commuting with Cqo such that Yoo(i)[A0(a;)] = — Aqo — ^Coo- In this 
case, yoo(^)~^(^)'"°° exp(— AooO;) is a solution of the system = A^(a;)X 
at infinity. The exponents of .M,^ at infinity are those of M,f,^ at 0. 

By extension, we attribute to (j) the properties that Al^ has. Then one 
observes, from §2.1, that: 

^ is regular at (resp. infinity) if and only if ^* is regular at the same point, 
in which case, the exponents of (j)* at (resp. at infinity) are those of ^ but 
with the opposite sign. 

In the sequel, we assume K is sufficiently large so that we can take K' = 
K. Also, for any matrix Y of yf^{K{{x))) and any finite place v of Vo, we 
denote by ry{Y) the upper bound of the reals r > for which all entries 
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of Y are analytic in the punctured open disc D{0,r^) \ {0} of K^. If y € 
GLfj,{K{{x))), we put Rv{Y) = min(r„(y), r„(F^^)). We end this paragraph 
with the following result due to F. Baldassarri (See Theorem 2 of [Ba, III]): 

Proposition 2.1. IfY{x) is a reduction matrix of a K{x)-module M at 
or at infinity, then Ry {Y) is non-zero for each finite place vofVo- 

2.4 f- functions. 

A formal power scries / = X]n>o '^nx" £ -^'[[2;]] is said to be an £-function, if 
the power series J2n>o ^ G-function. 

This definition is motivated by the fact that all power series occurring 
in the solutions of the £J-operators at infinity are ^-functions (see Theo- 
rem 2.3 below). A simple example of these power series is the Euler series : 

E„>o(-i)""'^"- 

We suppose in the sequel that K contains all the coefficients of G-functions, 
-E- functions and ^-functions that we shall meet thereafter. 

The Pochhammer symbol (a)„ stands for (a)„ = a{a + 1) • • • (a + n — 1). 
With this notation, the theorem 2 of [CI] shows that for any finite place v 
of K above a prime number p, if a is either an integer > 1 or a non-integer 
rational number of denominator prime to p, then 

(2.2) lim |(a)„|y" = ^„=p-V(f-i). 

n— >oo 

For the special case a = 1, we get 

(2.3) lim |n!|y" = 7r„ 

Combining this equality with the remark below, we find that any ^-function 
/ satisfies 

(2.4) \{m:m{r,{f)-Ky,l)^Q 

veVo 

Remeirk 2.2. [Al, p 126] If 5 is a G-function, then riugVo '^'^{'''vig)-, 1) 0- 
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2.5 G-operators and i?-operators. 

We will give here an equivalent definition of the G-operators, called the local 
Bombieri property [Al], which will be useful for the proof of our main theo- 
rem. 

Definitions. 1) An operator (f) of K[x,d/dx] of rank v is said to be a G- 
operator if the differential system dX/dx = A^X (where is the com- 
panion matrix of (j) defined in §2.1) has a solution at of the form Y{x)x^ 
where Y{x) is a x i/ invertible matrix with entries in K{{x)) such that 
n^gvb 1) 7^ 0, and where C \s & u x u matrix with entries in K 

and with eigenvalues in Q. 

2) An operator tj) e K[x,d/dx\ is said to be i^-operator if it is the Fourier 

transform of a certain G-operator. 

Combining the condition of Bombieri, mentioned in the introduction, with 
the properties of the function of generic radius of convergence, we obtain that 
if (/) G K[x, d/dx] is a G-opcrator then; 

1) (j) and (f>* are also G-opcrators. 

2) has only regular singularities with rational exponents. 



From the fact that = (cf. [Ma, V.3.6]), the first statement 

implies that, if tp is an i^-operator then ip and ip* are also £'-operators. The 
second statement means that the Newton- Ramis of any G-operator has non 
slope other than and oo, and hence, from §2.2, that the slopes of Newton- 
Ramis of any iJ-operator are in {0, —1}. 

The following theorem, due to Andre, describes the nature of solutions of 
the iJ-operators at and at infinity: 

Theorem 2.3. [A2] Let tp be an E-operator of rank fi, then : 

(1) The slopes of NR{tp) He m {-1,0}; 

(2) ip admits a basis of solutions at of the form 




iFi,...,F^)x^' 
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where the Fi are E-functions, where Fq is a h x fj, upper triangular 
matrix with elements in Q; 
(3) V admits a basis of solutions at infinity of the form 



where the fi are £-functions, where T is a fi x jj, upper triangular 
matrix with elements in Q. and where A is a X fj, diagonal matrix 
with elements in K which commutes with T . 



Before stating the main theorem, we recall that for a given differential 
operator ij), denotes its companion matrix (see §2.1). 

Theorem 3.1. Let ^ be a differential operator of K[x,d/dx\. Then tp is an 
E-operator if and only if ip satisfies the following conditions : 

(1) the coefficients of ip are not all in K; 

(2) the slopes of NR{i]j) lie m {-1,0}; 

(3) the differential system dZ/dx = A^Z has a solution of the from 



where Y{x) is afix^ invertible matrix with entries in K{{x)) such that 
Yly^Vo iniii(-RD(^)7r^j 1) 7^ 0, where T is a fix fj, matrix with entries in 
K and with eigenvalues in Q, and where A is a ^x /j. diagonal matrix 
with entries in K which commutes with T. 

The first condition of this theorem is necessary by definition of the E- 
operators. Theorem 2.3 above shows that the seconde one is also necessary. 
In §3.2 we will prove that the third one is also necessary. The fact that these 
conditions are sufficient is postponed to section 6. In the following paragraph, 
we give some preliminary results which will be useful in the rest of this paper. 

3.1. Preliminary results. 

Throughout this paragraph, <p — a^{d/dx)^ + . . . + oq denotes a differential 




3. The main theorem 



y(-)(-)%xp(-Aa;), 



X 
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operator of K[x,d/dx\ of rank jjL e Z>o, (j) denotes the differential opera- 
tor obtained from </> by change of variable x — > — x, Fi and r2 denote two 
IJ, X fj, matrices with entries in K, Ai and A2 denote two ^ x ^ diagonal 
matrices with entries in K such that FiAi = AiFi and r2A2 = A2F2, and 
2/1, ... , y^, z\,...,Zij, denote power series of K{{x)). 

Lemma 3.2. Let G be a fi x 11 matrix with entries in K , and let Yi and 

A F 

he two matrices of GLjj,{K{{x))) such that Yi[G\ = — H and Y2[G\ = 

A2 F2 

-4 + —- Then, 

a;^ X 

(1) the matrices Ai and A2 are similar; 

(2) Y^Y^\^] = ^ andYiY^^ G GL^(K[x, 1/x]); 

(3) the eigenvalues of Fi coincide, modulo Z, with those of F2 . 

Proof. Let a = (oi, . . . , a^) e Ri^. Put, for i = 1,2, 

Ei{a) = {v e I AiV = ajY, 1 < j < /u}, 

and 

Ei = {a e i^'^ I Ei(a) 0}. 

Then 

K^=^ Ma). 

Moreover, F^ commutes with the projection Ri^ — > Ej(a). Thus, F^ can be 
written as 

ri=0Fi(a), where Fi(a) € Mdim^(E,(a))(if). 
In addition, by hypothesis, we have 




According to Proposition 6.4 of [BV], we find 

1) The matrices Ai and A2 are similar, 

2) S := El = E2, dimx (Ei(a)) = dimif(E2(a)) for any a G E, 

3) Y := YxY^^ = ©^^j. Y{a), such that Y{a) G Md™^(Ei(a)) (^^((a;))) and 
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Y{a) T2{a)/x = Ti{a)/x for any a € S. 



Thus, Y 



T2/X = Ti/x and hence the eigenvalues of Fi coincide, modulo 



Z, with those of r2 (cf. [DGS, III. 8]). Moreover, for any a e S, we have 

x^Yia) = Ti{a)Y{a) - Y{a)T2ia). 
ax 

Therefore, if we write Y{a) = Y{a)mx"^, we obtain for any m G Z \ {0}, 

mez 

mY{a)m = Ti{a)Y{a)m - F(a)„r2(a). 

But the eigenvalues of the maps 

r„(a) : M^(Q) M^(Q) 

X I — > Ti {a)X - XT2 (a) - mX 

are of the form A(a)— 7(a)— m where A(a) and 7(0) are respectively eigenvalues 
of Ti{a) and of T2{a). This means that T„i{a) is invertible, except perhaps, 
for a finite set of integers m.. Hence, Y{a)m is zero except for a finite set of 
integers m and the conclusion follows. □ 

Corollary 3.3. Let {yi, . ■ . ,y^)x^'^ exp(Ai/a;) he a basis of solutions of (j) at 
0. Then, (p has a basis of solutions at of the form (yi, . . . , yfjt)x^ exp(A/a;) = 
(Ci,---,C(ii) where: 

(1) yi, ■ ■ ■ ,yij, are formal power series of K{{x)) and are K[x,l/x]-linear 
combinations of yi, . . . ,yi^ and of their derivatives; 

(2) T is a fiXjj, matrix, in Jordan form, whose entries lie in K and whose 
eigenvalues coincide, modulo Z, with those ofTi; 

(3) A is a IJ.X n diagonal matrix similar to Ai . 

Moreover, 2/71, ... ,7^ denote the eigenvalues ofVi and Si,. . . ,6^ denote the 
diagonal terms of Ai, then ^1, • • • , lie in 

[yi x^i (lna;)*=-^exp(J^/a;), 1 < i,j,k,e< fi] 



K[x.l/x\ 

Proof. Let Wi be the wronskian matrix of (yi, . . . , y^)x^'^ cxp(Ai/3;). Thus, 
Wi is a solution of the system dX/dx = A^X. Moreover, Wi can be written 
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of the form Yix^^ cxp(Ai/a;), where Yi is a matrix of GLfj,{K{{x))) whose 
entries are -ftr[x, l/x]-hnear combinations of yi,...,y^ and of their deriva- 
tives. Therefore, yfM^^] = -^i/x'^ + Ti/x. The Turrittin-Levelt de- 
composition states, in this case, that there exists a. /j. x n invertible matrix 
Y = (yij) e GL^{K{{x))), a. fix fj, matrix T in Jordan form with entries in K, 
and & jix jj, diagonal matrix A = (Jy) with entries in K commuting with F 
such that F~^[j40] = — A/a;^-|-r/a;. Hence, by previous Lemma, the matrices 
Ai and A are similar, the eigenvalues of T coincide, modulo Z, with those 
of Fi, and there exists L G GLij,{K[x, l/x]) such that Y = LYi. In particu- 
lar, the entries (yy) of Y are K[x, l/a;]-linear combinations of yi, . . . , and 
of their derivatives. In addition, since the matrix Y'a:'" exp(A/a;) is a solu- 
tion of the system dX/dx = A^X, it is the' wronskian matrix of the /u-tuple 
(yii, . . . , yifj_)x^ exp(A/.T). Thus, the coefficients of {yu, . . . , yift)x^ exp(A/a::) 
form a basis of solutions of (p at 0. Hence, by putting yi = yu for i = 1, . . . , /i, 
we find that (yi, . . . , y^)a;'" exp(A/a;) is a basis of solutions of at which 
meets the conditions (1), (2) and (3) of Corollary 3.3. On the other hand, by 
hypotheses, F = (7^) is of the form D + N where D is a diagonal matrix and 
N is a nilpotent upper triangular matrix such that DN = ND and A'''* = 0. 
Thus, 

0<fe<ju-l ■ l<k<ij.-l 

Therefore, ^1 = yix^^^ exp(5ii/x), and for all 2 < i < /x, 

j=i i<fe</i-i 

since {N'^)ji = for all fc > 1 and all 1 < i < j < /x. Hence, the last statement 
of the corollary results from the fact that Ai and A are similar and that F 
and Fi have the same eigenvalues modulo Z. □ 

Corollary 3.4. Let (j/i, . . . ,y^)x^^ cxp(Ai/a;) and (zi, . . . ,z^)x^'^ exp(A2/a;) 
he respectively bases of solutions of (f) and (f)* atO. Then, the differential system 
dX/dx = A^X has a solution of the form Y{x)x^^ exp(Ai/a;), where Y is a 
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/xx/i invertible matrix such that the entries ofY [resp. ofY^^) are K[x, l/x]- 
linear combinations of yi, . . . {resp. of zi,. . . , z^) and of their derivatives. 
Moreover, the matrices Ai and — A2 are similar, and the eigenvalues of Fi 
are those of —T2 modulo Z. 

Proof. Let us write (j) = a^{d/dxY + . . . + aQ. Since (j/i, . . . , y^)x^'^ exp(Ai/x) 
is a basis of solutions of at 0, the wronskian matrix W of the /i-tuple 
(j/i, . . . , exp(Ai/x) is then a sohition of the system dX/dx = A^X. 

Moreover, W can be written in the form Yx^'^ exp(Ai/a;) where y is a matrix 
of GL^(_R'((a;))) whose entries are K[x, l/a;]-linear combinations of j/i, . . . , 
and of their derivatives. Then we have, = — Ai/x^ + Fi/a;, which 

means that Y^^ is a reduction matrix of at 0, or also 

(3.1) ^Y[-^A^] = ^Ail-^Til. 

x^ x 

In addition, the yu-tuple afj,{x){z\, . . . , -2^)a;'"^ exp(A2/a;) is a basis of solutions 
of (f)*a~^ = {a~^(j))* at 0. Therefore, the matrix U whose rows u\, . . . , are 
defined recursively by 

W/i = a^j,{x){zi,...,z^j)x^^cx:p{lS.2/x) 

""^-^ = ^iM'"''^^'''-'^' (1<^<M-1), 
is a solution of the system dX/dx = —"^A^X. Moreover, U may be written of 
the form Zx^'^ exp(A2/a;), where Z is an invertible matrix fj, whose entries 
are K[x, l/a;]-linear combinations of 01, ... , z^ and of their derivatives. Thus, 
we have 

(3.2) Z-'i-'^A^] = -lA2 + -r2. 

X 

Thus, by formulae (3.1), (3.2) and Lemma 3.2, the matrices ^Ai(= Ai) and 
— A2 are similar, the eigenvalues of "^Fi (which are also those of Fi) are those 
of — r2 modulo Z and there exists L e GL^(i^[x, 1/x]) such that = 
LZ~^. Consequently, the entries of Y~^ are K[x, l/a;]-linear combinations of 
zi,. . . ,Zn and of their derivatives. The conclusion follows. □ 
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Lemma 3.5. Let {yi{x), . . . ,yfj_{x))x^^ exp{Ai/x) be a basis of solutions of 
(f) at 0. Then {yi{—x), . . . , yfj,{—x))x^^ exp(— Ai/x) is a basis of solutions of 
'4> at 0. 

Proof. Let W be the wronskian matrix of {yi{x), . . . ,yij,{x))x^^ exp{/!^x/ x). 
Thus W can be written in the form Y(x?)xJ''^ exp(Ai/x), where Y{x) is a /i x 
invertiblc matrix with entries in K{{x)). Thus F~^(x)[^<^] = —Ai/x'^ + Ti/x. 
By change of variable x — > — x, we find 

Y-\-x)A^{-x)Y{-x) + Y-\-x)^{Y{-x)) = -^-^. 

Thus Y{—x)x^'^ exp(— Ai/x) is solution of the system -^X = —A^[—x)X. 
Consequently, the /i-tuple {yi{—x), . . . a;))a;'"^ exp(— Ai/x) is a basis of 
solutions of at 0. □ 

Lemma 3.6. Let ^ = a^(d/da;)'' + . . . + ao € K[x, d/dx]. Let W be a fj, 
invertible matrix with entries in some Picard-Vessiot extension of K. IfW 
is a solution of dX/dx = A^X at 0. Then the elements of fi—th row of 
a~^(^W~^) form a basis of solutions of (jf at 0. 

Proof. Let Wi, . . . , denote the rows of ^W^^. Since is a solution of 
dXjdx = A^X at 0, these rows are then related by 

= '^W^ - ^W^M-i+i' (1 < ^ < M - 1), 

and the elements of are solutions of ^*a~^ = {a~^(j))* at 0. We get 
therefore, by induction on the index i, 

In addition, since W is an invertible matrix, the elements of are then 
linearly independent over K, and hence they form a basis of solutions of 
(f>*a~^ at 0, and the conclusion follows. □ 

Lemma 3.7. Let Y{x)x^'^ exp(Ai/a;) be a solution of dX/dx = A^{x)X at 
0, where Y{x) = {yij{x)) G GL^(_ftr((x))). Assume that the leading coefficient 
o^n of (j) is a monomial. Then there exists Y{x) G GIj^{K{{x))) such that 
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Y{x)x~ exp(Ai/x) is a solution of dX/dx = A-^{x)X at 0, and Rv{Y) > 
Ry{Y) for alive Vq. 

Proof. First, it is easy to check that Y{x)x^'^ exp(Ai/x) is the wronskian 
matrix of the elements of {yii{x), . . . ,yii^{x))x^^ exp(Ai/x) and that the el- 
ements of (?yii(.-E), . . . ,yii^i{x))x^^ exp(Ai/x) is a basis of (p at 0. 
In addition, if we write Y^^{x) ~ {yij(x)), we find, by Lemma 3.6, that 
{x){{yii^{x) , . . . exp(— Ai/x) is a basis of solutions (f)* at 0. 

According to Lemma 3.5, the /i-tuples (t/ii(— x), . . . , yi^{—x))x^'^ exp(— Ai/x) 
and a~^(— x), . . . x))a;~ exp(Ai/x) are respectively bases 

of solutions of = {4>*)* and (j)* at 0. Finally, since is a monomial, 
Lemma 3.4 states that dX/dx = A^{x)X has a solution at in the form 
y(a;)a;~^'"i exp(Ai/a;), where ^(a;) is a x invertible matrix such that 
the entries of Y(x) (resp. of Y~^{x)) are /Tfa;, l/a;]-linear combinations of 
yin{-x), ■ . ■ ,ynn{-x) (resp. of yii(-a;), . . . ,yi^(-a;)) and of their derivatives. 
Hence, for all v G Vb, we have Rv{Y) = mini<jj<^{r^(?/ij), r„(^j>)} > Rv{Y). 
The conclusion follows. □ 

3.2. Necessary conditions. 

We conclude this section by proving that the seconde condition of Theorem 
3.1 is necessary: 

Theorem 3.8. Let ip be an E-operator of K[x,d/dx] of rank ii. Then, the 
differential system d/dxZ = A.^Z has a solution of the from 

y(l)(i)rexp(-Ax), 
x X 

where Y{x) is an ^ x ii invertible matrix with entries in K{{x)) such that 
W^^y^ min(i?^(y)7r„, 1) ^ 0, where T is a ^ upper triangular matrix with 
entries in Q, and where A is a n diagonal matrix with entries in K which 
commutes with F. 

Proof. According to §2.5, the operator tl)* is also an i<^-operator. Combining 
this, with Theorem 3.1 and Corollary 3.4 (applied at infinity), we observe that 
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the differential system d/ dxZ = A,pZ has a solution of the from 

y(i)(i)rexp(-A:c), 

X X 

where Y{x) is a x invertible matrix such that the entries of Y{x) = (tjij) 
and those of Y{x)~^ = (yki) are K[x, l/a;]-linear combinations of f-functions 
and of their derivatives, where T is a. n x fi upper triangular matrix with 
entries in Q, and where A is a /i x /i diagonal matrix with entries in K which 
commutes with T. Thus, by (2.4), we have 



JJ min(ii^(y^)7r„,l) = ]^ (^min(min(r„(2/y)7r^),min(r„(yfei)7r 

V 



> 



vGVo ij kl 

]J Y\ min(r-„(yij)7r^,l) 

kl -uevb 



□ 



In the sequel, we fix an embedding of K into C. 

4. The Laplace transform 
4.1 The Laplace transform C. 

In this paragraph, wo summarize main properties of the formal Laplace trans- 
form due in part to Y. Andre. 

Let a be an element of K with real part > — 1, let fc and n be two nonnega- 
tive integers, and let ha,k denote the function defined by ha,k{x) — a;"(lna;)'^; 
X > 0. The standard Laplace transform of hafi, denoted C{ha,o), is given by 
(cf. [DP, 2.30]) 

(4.1) £(/i„,o)(-2) = / e-^^x"dx = r(a + 1)2""-^ 

Jo 

This implies in particular, 

(^)'=(r(a + l)^-"-i) = e-'='x"{lnx)''dx = C{K,k){z). 
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Leibniz formula gives 

(^)'=(r(a + l)0-«-i) =^ ('^')r«(a + l>-«-i(-l)'=-J(ln^)'=-^'. 



Thus, 

(4.2) C{hc^,k){z) = J2 Hr«(« + l)z-^-\-l)'-\lnz)''-^. 



.=0 

Prom the fact that T{a + 1) = ar(a), we obtain, by induction on j > 1, the 
following relations 

r'(a + 1) = r(a) + ar'(a) and r'^^+^\a + 1) = jV'^^^a) + ar^^+^\a), 

which implies 

(4.3) C{hc,,k){z) e ^-«-i<r(a),...,rW(a)>Q[„,i„,], 
and, in the case where a is a non-zero positive integer, gives 

(4.4) T'{a) = a\. 

On the other hand, the function ha,k satisfies the following equalities (cf. [DP, 
2.21, 2.40]), 

(4.5) A.C{Kk){z) = jC{-xhc,,k){z). 

j.^ '^'■^^"''^^^^^ ^ 2^'C(/l„,fe)(^;) + ha,k{x) 

= zC{K,k){z) if 3ie(a) > 0. 
To extend the Laplace transform C of ha^k to any a, we have to introduce the 
finite parts of ha,k in the following manner: 
Putting 

$(x, a, fc) = j ha,k{x)dx, 



we find therefore 

a+l fe (^\k-ll.\ 



(lnx)'=+i 
k + l ' 
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The finite part of the integral / kha k{t)dt, where the k are com- 

plex numbers, is defined, for a; > 0, by 

p.f. / y^^\a,kha,k{t)dt ^y^\a,k 1™ ($(e, a, A:)+/ ha,kit)dt) 
•/^ T^k ^-"^ ^ ' 

= ^^^a,k'^{x,a,k). 

a,k 

With this definition, we get 

^^^^ <fe:=/i„,fc-pi.^ (^VfeW)rft = if {a,k)^ {0,0), 

= hofl otherwise. 
Now, fix a e C, fc G Z>o and put for n e Z>o, 



/•^ (x - t)" 
P„(a;)=p.f.y^ ^-—^ha,k{t)dt. 



Then, 



^ fj.) = V ^ ' - V ' Qn- 

"^^ ^ m!(n - m)! m + a + 1 ^ ^!(m + a + ^ ' 
if (-a - 1) 7^ 0,1,..., n 



(4-8) _ " (-1)'" A fc!(-l) ^ 

~ m!(n-m)!m + Q! + l ■^^!(m + a + l)'=-^^'^^'^ 

+ 7 TTTT^ TTT 2;"+"+^ , \ , Otherwise. 

(-a- l)!(n + a + l)! k + 1 

Moreover, these functions satisfy, for any integer n > 1, the following equality 
(cf. [DP, 5.35]), 

—F =F 1 

7 ^ n — n— 1 • 

ax 

This means, by (4.6), that the function 2;"+^£(i^„) is independent of the 
choice of n forn > — 5Re(a) — 1. Prom this remark, we can extend the Laplace 
transform to any a by putting 



(4.9) jC{ha,k){z) = z'^+^C{Fn){z), for n > -3?e(a) - 1. 
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For simplicity, we write £(.) instead of C{.){z). Then using formula (4.5) and 

linearity of C, it follows that for any a, k and n > — 3?e(a) — 1, 

(4.10) 

^ mh^,k)) =(n + l)^"£(i^„) + z^+' ^ (£(F„) 
={n + l)z"£(F„) + z^+^Ci-xF„) 

=(n + l)z"£(F„) - z"+i£((n + l)p.f. ~ ^^m' ^«>'^(^)^^ 

V Jo (n + 1)! 

-p.f. n-^^{-t)K^,{t)dt) 
Jo n\ ) 

={n + l)z"/:(F„) - (n + l)z"+i/:(F„+i) + /:(-x/i«,fe) 
=£(-a;/ia,/c)- 
On the other hand, for n > — 5Re(a) 

= '""'^(-■'■r's(^''-'W)'" 

= ^"+i£(p.f.^'' l(i^-il^/i„_,(i))dt) +^£(/i„,,). 
The last line results from (4.9). But 

We get therefore, by (4.7), 

d fix- f)" ^ ^^^^^ _ >^ (-l)'"a;"-™ 

(n — 

(-l)™a; 



Jq dt \ n\ / (n — m)\m\ ' 



y,n—m 



(n - m)!m! ^ 

m— ^ ^ 
" ^' T\m n—m 
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The last line results from the fact >^ -. r-; — - = 0. Hence, by (4.7), 

^ in-m)\m\ ^ ^ 

0<m<n ^ ' 

we obtain 

p.f.y ^( ^ hc,k{t))dt = if a 7^ 0,-1,..., -n or 7^0 



(-l)-'>.i;"-" 

otherwise 



{n + ay.{-a)\ 
We conclude that for any a and k, 

C{-^ha,k) - zC{hoc,k) =0 if a ^ Z<o or fc ^ 0, 

= — otherwise. 

(-a)! 

To simplify the notations, we will denote in the sequel z by x. Finally, using 
the following formula: 

^ (-1)" 1 _ 1 

^ m\{n - m)\ X + m ~ X(X + 1) . . . (X + nV 

we deduce from (4.2), (4.3), (4.4) and (4.9) (with n > -3?e(a)) that: 
If a is not a negative integer, then 

fc 

r-{ha,k) = T{a + l)a;-«-i ^pj;.(lna;)^ with pj^ = (-1)'= and 
(4-12) j=o 

pS e<r(a),...,rW(a) >Q[a] for j = 0,...,/c- l, 
and if Of is a negative integer, then 
(4.13) 

C{h^,k) = x-'^-'J2Pa!,{lnxy, with pS+i= (fc + i~)yr_i)r 

(ft) ^ (-l)"+^+^(a + n + 2) ^ (-l)"'+fe(a + n + l) 
^"•'^ (-a-1)! fr'o m!(n-m)!(a + m+l)' 

and pi"' G< r(a), . . . ,r('=)(a) >q[„] for j = 0, . . . , fc - 1. 
Combining (4.10) and (4.11), we get by x-adic completion the following lemma 

Lemma 4.1. Let f be a finite sum fiX°''{\nx)''^x where Ui e K, ki G Z>o 

i 

and fi e K{{x)). If f is solution of some operator (j> e K[x, —\, then there 
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exists a positive integer m such that {^)"^ T{4>){£{f)) = 0. In other word, 
C{f) is a logarithmic solution of {■^)"^J^{(j)) at infinity. 

4.2 Arithmetic properties of C. 

In this paragraph, we shall investigate the relations between the radius of 
convergence of a power series / G K{{x)) and those of the formal factors of 
£(/a;"(lna;)'=) where a e Q \ Z<o and A; e Z>o. 

Lemma 4.2. Let a S Q \ Z<o and k G Z>o. Then, for each j = 0, . . . ,k, 
there exist sequences (r^a+l ? ) '^f elements o/Q(q), with i = j, . . . ,k, such 

\ n>0 

that 

k 

(fc) _ (k) {k,t) , ^ „x 

Pa+n,j — 2^ Pa,e '''a+n,j I"' ^ 

where the p^^\ were defined in (4-12) and (4-13). Moreover, for any place v 
ofVo, these sequences satisfy 

l/n 



lim sup 



< 1. 



Proof. We will prove this lemma by downward induction on the index j. In 
the case j = k > 0, by (4.12) and (4.13), it suffices to take r^^^^ f, = 1 for any 
n G N. Suppose now that the lemma is true for some index j with I < j < k. 
From the formulas (4.12), (4.13) and (4.10), we obtain the recurrence relation 

(fc) _ _ (fc) , j (fc) 

Pa+l,j-l — Pa,j-1 Q, ^ ]^ Poi,3' 

and by iteration on n > 1, we find 



i— 

- (-iro('=) I , V (-1) V Jfc) JM) 

- I + J 2^ 2^ a + i + 1 "+''^ " 
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Thus, 

(4.14) 

we get, 



(fe,£) •v^(-i) 



n+i+l 



i=0 
(-1)", 



a+n,j — l 



k 

(fe) _ (fe) (fe,£) 

Pa+ra,j-l ~ 2^ ^a>^ ''a+n.j-l 



avec 



a+n,j — 1 



Let V € Vq. By induction hypothesis, we have limsup 



1/n 



< 1 for 



£ = j, . . . ,k. Since a is an element of K, hence algebraic over Q, it is non- 



liouville for p{v) and consequently we have lim sup 

n ^oo 

VI. 1.1]). We deduce that 



1 



a + n 



l/n 



1 (cf. [DGS, 



lim sup ( max |r^Ym,j ) ^ 1' ^ = j,---,k 



and 



limsup ( max 

ri fnr> V 0<m<n — 1 



1 



< 1. 



a + m+1 

Combining these estimations with (4.14) we get for £ = j,. 



. , k, 



lim sup 



The case 



n ^oo 

1 is trivial. 



a+n J — 1 



l/n 



< 1. 



□ 



Notations. If F G GL^{K{{x))), we will denote, for s e Z, 

T^s{Y) ={y e K{{x)) I r„(y) > i?„(F) <, for almost all v e Vb}, 
7^r(F) ={y(a;) e i^((l/a;)) | y{l/x) G 7^,(y)}. 
Here, "almost all" means with at most finitely many exceptions. It is clear 
that UsiY) (resp. nf{Y)) is a ii'-subalgebra ofK{{x)) (resp. of ii'((l/a;))). 
For instance, if / G K{{x)), then 7^o(/) denotes the /^-algebra of the power 
series y G K{{x)) such that rv{y) > ry{f) for almost all v &Vq. 



Proposition 4.3. Let f G K[[x]] with / 7^ 0, a G Q and k £ Z>o. Then 
there exist power series ha^kj G C 'S>k T^-iif), j = 0, . . . , A;, which satisfy the 
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following conditions 

( k 

-ir(a)^ if aeQ\Z<o, 



:(/a;«(lnx)'=) 



X 

fc+1 ^ 

^/ia,fc,j(-)(lna;y if a G Z<o. 

L i=o ^ 

/ia,fc,fe+i G -ftr[a:] \ {0} and ha,k,k € K[[x\] \ {0} smc/i i/iai ry{ha,k,k) = 
'''v{f)'i^v^ for almost all v gYq. In particular, c(^fx" 

Proof. Suppose a e Q \ Z<o. By (4.12), we may write 

fe ^ 

£(/a;«(lna;)'=) = x-"-'T{a) ^ (-) (Ina;)^'; 

where 

^ r(Q; + n + 1) (fc) n / X (fc) „ 

/la.fcj = 2^ an ^ Pa+njX = 2^ an{a)n+lp),in,jX . 

n>0 ^ ' n>0 

For j = k, we have p^a+n.j = (^1)'^> Thus ha,k,k & and since a € Q, 

we also have a e Zp(^) for almost all u e Vq. Hence, using (2.2), we get 

rv{ha,k,k)~^ = limsup |a„(a)„+i|y" = r^(/)~V^ for almost all v G Vq- 

n ^OO 

For j = 0, . . . , A; — 1, Lemma 4.2 gives 

/^«,fc.i = Epi>£'^ with ftSS = E«"(")"+i-i+t-^"eif[N], 

e=j n>0 

and 

'^v{h^a'k,jy^ ^ limsup |a„(a)„+i|y" = r„(/)"^7r„ for almost all v G Vb. 

This ends the proof in the case a G Q \ Z<o- Now, suppose a G Z<o, write 
/ = ^ o„x" and put /« = E o.nX^- Then, by (4.13), 

n>0 n>— a 

fc+1 

£((/ - /Ja;«(lna;)'=) = 5^P,(-)(lna;)^ 

i=o 

with Pj G C[a;], and Pfc+i, Pk G i4r[a:;] \ {0}. On the other hand, the first asser- 
tion, applied to /aa;"(lna;)'^, shows that there exist /io,fe,j G C(8)_r-7?._i(/), j = 
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<,.. .,k, such that 



k 



:,(i)(ln.r 



£(/„ar«(lnar)'=)=^x-i/io,fe^ 



where /(.o.fe.fe £ -^[H] E^nd r„(/?,o,fe.fe) = T^{f)'Ky for almost all w € Vq. Finally, 
by linearity of the Laplace transform, it suffices to take ha,k,j = xho,k,j + Pj 
for j = 0, . . . , fc and ha,k,k+i — Pk+i to find the second part of the proposition. 



Let be a differential operator of K[x, d/dx] such that all slopes of NR{ip) 
lie in {1, 0}, and u be a fixed finite place of Vq. Let Ky be the t;-adic completion 
of K and flp(v) be a u-adic complete field and algebraically closed containing 
Cp(^) such that its value group is M>o- We fix an embedding K ^ Ky ^ 
Cp(^) ^ ^p(v)- In this section, we see how we can determine the nature of 
solutions of d/dx.tp at from those V* at the same point. For this, we shall 
begin with the following key Lemma. 

Lemma 5.1. Assume y € K{{x)), a € K Ci I'p(v), S € K and k G Z>o. 
Then the differential equation d/dx{z) = yx" x)'^ cxp{6 / x) has a solution 
of the form X^o<i<fe+i ViX^Q-T^xY ex.p{6/x) at 0, where for i = 0, . . . , A; + 1, 
yi G K{{x)) such that 

rviVi) >rv{y) if 5 = 

>min(|^|t,7r~^,r„(y)) otherwise. 

Proof. Let m = min(0; ord,j.(t/)) and lot write y = 5Z„>,„ anx" G K((x)). Let 



nn-l+a)ai,„_i + (i + l)ai+i,„_i-^ai,„ja;"+" {In xY exp{5 / x) 



□ 



5. Solutions of i/j* and solutions of -j^i/j 




0<«<A;+1 n>m 

i = 0, . . . ,k + 1 and all n>m. Then d/dx{z) = 



0<i<k n>m+l 



+ 




n>m+l 
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0<i<fe+l 

z is then a solution of the differential equation d/dx{z) = yx"{\nx)'' exp{6/x) 
if and only if, the coefficients ai,„ satisfy the following relations for all n>m: 

(5.1) 5aQ,rn = <5ai,„i = . . . = 5ak+i,m = 0, 

(5.2) {n + a)ak+i,n - Sak+i,n+i = 0, 

(5.3) (n + a + l)ak,„+i + (k + l)ak+i,n+i - Sak,n+2 = a„, 

(5.4) (m + a)ak,m + (A; + l)afc+i,„ - 5ak,m+i = 0, 

(5.5) (n + a)ai^n + + l)ai+i,„ - Sai^n+i =0, for < i < fc. 

This means that : 

Case 1. li S = 0, we have from (5.2) and (5.3), 

afe+i_„a;" = if a is non integer < —to, 



(5.6) 



n>m 



= a/s+i -ao; " = " "^ .T " otherwise, 

K + 1 



and therefore, for all n > to + 1, and all < i < A:, we get from (5.3) and 
(5.5), 

ai__Q = . . . = ai~,-a = if a is an integer < —to, 

,^ Ofc.n = """^ for all n 7^ -a, 

(5.7) n + a 

(i + l)ai+i,„ (-l)'=-^A:!a„_i r n / 

n + a ^!(n + a)'' 

Hence, the finite sum yjx" (In a;)*, where the coefficients of the power 

0<i</c+l 

series yi = '^^^^cii^nX^ are defined by (5.6), (5.7), where ao,-a = if a is 
an integer < — m, and where ao,m = Oi.m = . . . = ttk+i^m = 0, is a solution 
of the equation dz/dx = yx°'{lnx)^ at 0. In addition, since a G K Ci it 



is non-liouville for p(v) and consequently we have limsup = 1 (cf. 

a + n V 



n >QO 



1 



1/r. 



[DGS, VI.1.1]). Therefore, by (5.7), we find for i = 0, . . . , A; + 1, 

limsup |ai,n|y" < limsup |a„_i|y" = limsup |a„|y". 
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This implies that rv{yi) > rv{y) for i = 0, . . . , A; + 1, and hence the lemma is 
proved in the case 5 = 0. 

Case 2. If 5 7^ 0, we find, from (5.1) and (5.4), that 

ctfe+i,m = o,k,m+i = 0, and therefore, by induction on n > m and by (5.2), 
that X^„>TO «fe+i,na;" = 0. In addition, from (5.3) and (5.5), we get for any 
n > m, 

_ (n + a + 1) 1 

0-k,n+2 — J Ctfe „+i — -a„ 

(5 8) ° 
(n + a) i + l 
ai,n+i = ^ ai,n H ^Oi+i,n lor any Q <i<k. 

Hence, the finite sum yjs;" (In a;)', where the coefficients of the power 

0<i<fc+l 

series yi = X^„>^ o,i,nX"' are defined recursively by (5.8) and where 00,™ = 
0.1,7X1 = ... = ak,m = ^n>m Ok+i,nX" = 0, is a solution of the equation 
dz/dx = yx"{\nx)'' at 0. It remains to prove that the power series satisfy 
the condition of Lemma 5.1. 

Prom (5.8), we find, for any n > 3 and any <i < k, that 

{n + a + l){n + a) ...{2 + a) 1 (n + a + l) 

(lk,n+2 = ak,2 - ^flra p On-l 

{n + a + l)(n + 0;) (n + a + l)(n + a) ... (3 + a) 
- • • • «i 

_ {n + a + l){n + a)...{2 + a) i + l 

0'i,n+2 — 0'i,2 H ^ — 0,i+l,n+\ 

{i + l){n + a + l) {i + l){n + a + l){n + a) 

H -p 0,i+l,n H Oi+l,n-l 

{i + l)(n + a + l)(n + a) ... (3 + a) 
+ . . . + ai+1,2. 

Consequently, if a is non integer < —2, we have for any n > 1 and any 

0<i<k, 



(a + 2)„ (a + 2)„ ^ S^a 

ak,n+2 = — — ak,2 - 2^ 



Sn -^.^ ^ (a + 2), 

l<7<n 

(5.9) 

_(a + 2)„ fz + l)(a + 2)„ ^ S^a^+i^j 

ai,n+2-—^ai,2+ 2. {a + 2).,-' 

2<j<n+l \ ' ^ 
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and, if a is an integer < —2, we have for n > —a and any Q <i < k, 
(5.10) 



(n + a + 1)! 
afe,n+2 — a/s,!- 



fli,7i+2 — 



(n + g + l)! 
(5" 



(g + 1 + n)! 



E 



-OL<j<n 

(i + l)(a + l + n)! 



(a + l+j)! 



E 



-a<j<n+l 



(a+i)! 



Now, in the case where a is non integer < —2, we have to study two cases: 
Case 2.1. a: If a is non integer < —2, and if ry{y) > 'K~^\5\y, in other 
word, hmsup|a„|y" < 7r„|5|~^, we have limsup ( ) < 1, since 

n— *cxi n— *c» 

lim |(a + 2)„|y" =7r„. Then 







(a + 2)n 





limsup I max — - I < 1. 

n^oo Vl<i<n a + 2 ?; / 



{a + 2)i 

(a + 2)„ ^ (5%,- 



This implies that the power series i —T—r-r— 7 -^^a^" has a 

4-: V ,5"+i , f-^ (a + 2)j / 



n>2 



l<j<ri 



radius of convergence at least 77^7"'^ I (5 It,. Thus, by (5.9), wc get rt,(yfe) > 7r^-'^|(5|„. 
Using the same argument, wc prove, by downward induction on the index i 
and by (5.9), that r{yi) > 7r^^|(5|„ for any <i <k. This concludes the proof 
of Lemma 5.1 in the case 2.1. a. 

Case 2.1.b: If a is non integer < —2, and if r„(y) < 7r~^|(5|„. We will prove 
the lemma in this case by downward induction on the index i. First, let I 
be an element of Op(^) such that = tt" ^ | (5 1 „ limsup janiy" > 1. Since 



lim I (a + 2)„|y" = 7r„, we have limsup 



1/n 



/"(a + 2)„ 



1, and hence 



lim sup max —- — 

„^oo Vl<i<n lHa + 2)i V ) 



max — ^— — ) < 1 , and 

l<i<n /"(a + 2)i V / 



< 1. 



Z"(a + 2)i 



limsupfmax M < = 7r„ limsup |a„|y". 

n— >oo V l<J<n [a + Zji v J n— »cxi 
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This shows that the power series ^— —^^a^" has a ra- 

Sn+i (a + 2),/ 

n>2 l<j<n ^ 

dius of convergence at least ry{y). Thus, by (5.9), we get 

rviVk) > min(7r^^|(5|„,r„(?/)) = r„(?/). 

Suppose now that r,, (2/1+ 1) > min(7r~^|i5|„,r„(y)) for some index 1 <i< k — 1. 
If fviVi+i) < 7r~^ \5\y, we find, with the same argument as above and by (5.9), 
that 

TviVi) > min(7r;"V|„,r„(yi+i)) > mm{TT~^\S\y,ry{y)). 
If (2/1+1) > 71""^ 1^1^, we get, with the same argument as in case 2.1. a and by 
(5.9), 

rviVi) > TT^Vk = min(7r^^|^|^,r^(y)). 
This shows that, for all < i < k, ry{yi) > 7r~^|5|„. This ends the proof of 
the lemma in case 2.1.b . 

Case 2.2: The case where a is an integer < — 2 can be proved with the same 
arguments employed in cases 2.1. a and 2.1.b, using (5.10), since lim |n!|y" = 
TTy. This concludes the proof of Lemma 5.1. □ 

Notations: Let yi,...,ys be elements of K{{x)), and A = (5^) be a 
t X t diagonal matrix with entries in K. We denote by fH^(yi, . . . , y^. A) the 
ii'-subalgebra of K{{x)) consisting of power series y G K{{x)) satisfying: 
Tviy) > min {ry{yh)} if A = 0, 

l<ft<S 

> min( min {\6u\y | Su ^ 0}7r~\ min {rv{yh)}) otherwise. 

l<i<t l<h<s 

Also, we denote by 9l(t/i, . . . , t/g. A) the ii'-subalgebra of K{{x)) consisting of 
power series y € K{{x)) belonging to ^ivivi, ■ ■ ■ ,ys,^) for almost all v in Vq. 
Again here and in the sequel, "almost all" means with at most finitely many 
exceptions. 

Proposition 5.2. Let ^ G K[x,d/dx\ he a differential operator of rank /x 
such that all slopes of NR{ip) lie in {0,1}. Assume that ip* has a basis of 
solutions at with elements in 

^v{yi, ■ ■ • A)[lna;, x''\ . . . ,x''%exp{6ii/x), . . . ,exp{6ss/x)], 
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where yi,...,ys are elements of K{{x)), where 71,..., 7s are elements of 
Zp(„) n K and where A = ((5,^ ) is a s x s diagonal matrix with entries in K. 
Then, -^ip and (^V')* have bases of solutions at with elements respectively 
in ^Rv{yi, ■ ■ ■ ,ys, A) [In a;, x'^'^\. . . ,x'^'^'' ,e^{±Su/x), . . . ,exp{±Sss/x)] and 
in ^Rv{yi, ■ ■ • A)[lna;, x^\.. . ,x^'',exp{6n/x), . . . ,exp{Sss/x)]. 

Proof Write V = a^(a;)(rf/da;)''+a^_i(a;)(d/(ia;)''-^+. . .+ao{x) e K[x,d/dx]. 
Since all slopes of NR{ip) lie in {0, 1}, then o.^^ is a monomial, say = x"^ 
with 1^ G Z>o, and is regular at infinity. If we denote V'oo the operator 
obtained from tjj by change of variable a; ^ we find 

V'oo = x-'^i-xYid/dx)'' + ~ {-2x){-xY-\d/dx)''-^ 

+ (-x^)^"^a^_i(l/x)((i/(ia;)^"^ + "terms with lower degree in d/dx'\ 

because for all a G K{x) and all integer h> 1, we have 

{a.d/dx)^ = a^{d/dxf + ^(^~ ^K >'-^.d/dx{a).{d/dxf-^ 
+ terms with lower degree in d/dx. 

The regularity of V'oo at implies, in particular, that deg(a^_i(a;)) < y — 1. 

In addition, it is easy to check that 

(5.11) 
{d/dx4)* =il)*.d/dx 

={-l)^'x''{d/dx)^'+'^ + {{-l)^'ux•'-'^ + {-l)^-'^a^-i{x)){d/dx)^ 

+ "terms with lower degree in d/dx" 
={-l)^'x•' \{d/dx)^+^ + {ux-'^ - x-''a^,-i{x)){d/dxY 

+ "terms with lower degree in d/dx" , 

because, {d/dxY.x" = x''{d/dxY + vx''~^{d/dxY~'^+ "terms with lower de- 
gree in d/dx" . This shows that 

(5.12) tr{A(^d/dco.^)') = -{i^x-'^ - x-'af.-iix)) € 
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On the other hand, by hypotheses, tp* has a basis of solutions (ui, . . . , u^) at 
such that the Ui are of the form 

Ui= ^ yi^x'"' {hi x f'^ exp{Si J x) 

finite sum on j 

e 9ly{yi,...,ys,A)[\nx, x'^\ . . . ,x'^%exp{6ii/x), . . . ,exp{Sss/x)]. 
By Lemma 5.1, for i = 1, . . . , /x, the differential equation d/dx{z) = Ui has 
a solution of the form 

finite sum on j finite sum on i 

e K{{x))[lnx, x''\...,x'^'',exp{5n/x),...,exp{dss/x)] 

such that 

rviVij^) > {rviVij)} a Si. = 

> {\Sij\vTrv^,rv{yij)) otherwise. 

Thus, the elements 1, zi, . . . , form a basis of solutions of ^^V') ~ 
at 0. Moreover, 1, zi, . . . , lie in 

^viVi, ■■■,yix, A)[lna;, a;^", . . . ,a;'''"',exp((5ii/a;), . . . ,exp((5^^/x)]. 

Now, let denote by W the wronskian matrix of 1, zi, . . . , z^. Thus, the 
matrices W is solution of -^X = A^_d^^yX, and all entries of W lie in 

yiv{yi, . . .,yn,A)[lnx, x'^\.. . ,x'^'' ,exp{Sn/x), . . . ,exp(5^^/x)]. 

On the other hand, We know that det{W) satisfies the differential equation 
d/dx{det{W)) = tT{A(^a/dx.i,r)det{W). According to (5.12), det{W) is of the 
form x" exp{P{l/x)) where P G K[x] and where a £ K. By definition of W, 
we find a G < 1, 71, . . . , 7^ >z and P{x) = Sx for some 5 G < Sn, . . . , S^^ >z- 
This implies that all entries of lie in 

^v{yi, ■ ■ • A)[lna;, x^''\. . . ,x^'^'' ,exp{±6n/x), . . . ,exp(±(5^^/a;)]. 

Hence, by. Lemma 3.6 and the fact that leading coefficient of {d/dx.ip)* is 
monomial (see (5.11)), the differential operator -^ip has a basis of solutions 
at 0, with element in 

• ■ • , 2//., A)[lnx', x^'-',. . . , a;^'*"", exp(±(5ii/a;), . . . , exp(±5^^/a;)]. 
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This concludes the proof of Proposition 5.2. □ 

Corollary 5.3. Under hypotheses of Proposition 5.2, for all positive inte- 
ger m > I, the differential operators Q'^^ ((s)*"^)* '^^^^ bases of 
solutions at with elements respectively in 

^v{yi, ■ ■ • ,2/;*, A)[lna;, x^^\. . . ,x^^'' ,exp{±5n/x), . . . , exp(±(5^^/a;)] 

and ^Rv{yi, . . . , y^, A)[lna;, x'^\.. . ,x^'' ,exp{6n/x), . . . ,exp(5^^/a;)]. 

Proof. First, the differential operator (^)™V' lias the same leading coefficient 
as V which is a monomial. In addition, the properties of Newton polygon 
([Ma, III.l]) lead to 

{slopes of Nii-^)""^)} = {slopes of N{-^)} U {slopes of N(^)} G {0, 1}, 
\ dx J dx 

and 

{slopes of iv(((^rV')oo)}={slopesof iV((^)^)} U {slopes of iV(V'oo)} 

={0}. 

Thus, the slopes of NR{{^)"^ijj) He in {0,1} for all integer m > 1. Hence, 
the corollary can be proved by induction on m, using Proposition 5.2. □ 

Let fs denote the Euler series : X^„>o(~l)"'^'^"- With the notations of 
§4.2, we obtain: 

Corollary 5.4. Let ip G K[x,d/dx] be a differential operator of rank fj, such 
that all slopes of NR{ip) lie in {0,1}. Assume that the differential system 
dX/dx = A^X has solution at of the form y(a;)a;'" exp(A/a;), where the 
Y{x) is a IJ.X n invertible matrix with entries in K{{x)), where T is a fj, 
matrix with entries in K and eigenvalues 7i , • . • , in Q, and where A = 
{5ij) is a fj, X jj. diagonal matrix with entries in K. Then, for all positive 
integer m > 1, the differential operators o-'f^d have bases of 

solutions at with elements respectively in 

(7^o(y) n 7^o(/b)) [In a;, x^^\. . . ,a;±^-,exp(±^n/a;), . . . , exp(±5^^/a;)] 
and {Tlo{Y)f\Tlo{fE)^^nx, x~^\. . . , a;"'^", exp(-(5ii/a;), . . . ,exp{-6^^/x)]. 
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Proof. Since all slopes of NR{ip) lie in {0,1}, the leading coefficient of 
V' is a monomial. Let Yf^{x) = . . . , y^(a;)) S Mf^xi{K{{x))) denotes 

the /i-th row of the matrix a~^(^Y{x)^^). By Lemma 3.7, the elements of 
Y^[x){x)^~^^^ exp(— -^A/a;) form a basis of solutions of ip* at 0. According to 
Corollary 3.3, the elements of this basis lie, for all € Vb, in 

^v{yi, ■ ■ . A)[lna;, x~'^\ . . . ,x"^'' ,cxp(-Sn/x), . . . , cxp(-(5^^/.T)]. 

In addition, for almost all v E Vq, the eigenvalues of T lie in Zp(^,). Hence, by 
Corollary 5.3, the differential operators {■^)"^ip and {{■^)"^tp)* have bases of 
solutions at with elements respectively in 

^{yi, ■ ■ • A)[lna;, x^''\. . . ,x^^'',exp{±6ii/x), . . . , exp(±5^^/a;)] 

and fH(yi, . . . A)[ln x, .t^'^i, . . . ,x-'^'^ ,exp{-5ii/x), . . . , exp(-5^^/a;)]. 
The corollary results therefore from the following observation : 

. . . , y^, A) C TZoiyi) n . . . TZoiy^) n 7^o(/e) C TloiY) n noifs). 

□ 

6. Sufficient conditions 

Let J- denote the inverse of JT, that is the /^-automorphism of K[x, d/dx] 
satisfying J^{x) = —d/dx and T{d/dx) = x. In this section, we will prove 
that the conditions in Theorem 3.1 are sufficient: 

Theorem 6.1. Let ip G K[x,d/dx] be an operator of rank /x satisfying the 
following conditions: 

(1) the coefficients of are not all in K; 

(2) the slopes ofNR{tp) lie in {-1,0}, 

(3) the differential system d/dxZ = A.^Z has a solution of the from 

Y^{-){-f cxp{-Ax), 

X X 

where Y^{x) is a fi x j_i invertihle matrix with entries in K{{x)) such 
that f^^gy;^ min(_Rt,(y^)7rt,, 1) ^ 0, where T is a /.i x mairix with 
entries in K and with eigenvalues 71 , . . . , 7^ in Q, and where A = 
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{6ij) is a diagonal n x n matrix with entries in K which commutes 
with r. 

Then ip is an E -operator. 

Note that the condition (1) means that the differential operator </> := J-'{ip) 
is not a polynomial. 

Lemma 6.2. Under the hypotheses of Theorem 5.2, the differential operator 
(f) := J^{tp) has a basis of solutions at of the form {fi, . . . , fv)x'-^ where 
fi,...,f„ are power series of K[[x]] such that YiveVo 1) 7^ for 

i = 1, . . . ,1/ and where C is a u x v upper triangular matrix with entries in 



Proof. By §2.2, is regular at and admits a basis of solutions at of the 
form 

(Ci,C2,...,C.) := (/i,/2,...,/.)x^ 

such that 

1) fi,...,f,€K[[x]], 

2) C = D + N is anuxv matrix where D is a diagonal matrix whose diagonal 
entries Da := ai € K are the exponents of cj) at 0, and N = (Nij) is an upper 
triangular nilpotent matrix with entries in Q such that DN = ND. 

Aj-k Ajk 

Since x^ = x^+^ = x^J2k>o "fcT^^^'^)'' = x^ + a;^^ — (lna;)^ we 

fc=i 

obtain 

(6.1) Ci = fix"\ 
and for 1 < i <v 

(6.2) Ci = /ia;-+X:/,x"^E^^(l^^)'' 

j=i fe=i 

since {N'^)ji = for j > i. 

In addition, by Lemma 4.1, there exists a positive integer m such that 
f — ) V annihilates C{C,i) iov i = 1, . . . ,v. We then define, ^ = ( ) i'- 

^ ihJb ' ^ (JjJj ' 
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Applying Corollary 5.4 to ■0 at infinity, we find that, \1/ has a basis of solutions 
^1 , . . . , ^fi+m at infinity with elements in 

(n^{Y^) n n^{fE))[lnx, . . . ,a;±^^exp(±5na:), • - • ,exp(±(5^^rc)]. 

Now, let ^0 denote the set 

C^K (n^{Y^)mZ^{fE)) [In a;, x^^\. . . , exp(±5na;), • • • , exp(±5^^x)]. 

Therefore, wo have for all I < i < u, C{Q) G Aq. By induction on i, we 
deduce from (6.1) and (6.2) that 

(6.3) e A-i {i = l,...,iy) 

where Ai,. . . , Av-i are the C [In a;] -modules of finite type defined recursively 
by 

Ai = A^-l + (c{f^x''^i\nxy); 0<J <A 

\ I C[Ina:] 

This shows, by iteration on i and by (4.12) and (4.13), that the exponents 
di are rational numbers. Thus, by Proposition 4.3, the Laplace transform of 
/ja;"'(lna;)'^ (for i = . . . and k S Z>o) can be written as 



fe 1 

£(/ia;«*(lna;)'=) =ar-«*-ir(a)^/ii,fc,,(-)(lna;)^' if eQ\Z<o, 

'^K,k,j{^{S^xy if ajGZ<o. 

where /i^^fcj e C ®if TZ-i{fi), j = 0,...,k, hi^k,k+i e if [.t] \ {0} and hi^k,k € 
iir[[x]] \ {0} such that ry{hi^k^k) = r„(/i)7r~-^ for almost all v gYq. 
To conclude, it suffices to prove, by induction on i, that 

(6.5) fiGni{Y^)mzi{fE), ii = i,...,u). 

Combining (6.3) with (6.4) for i = 1 and fc = 0, we find that ai € {±7j + 
m \ m G Z, j = 1, . . . , fj,} and that /ii,o,o € 7^0(5^) H 7?.o(/b)- Thus /i G 
7?.i(l^) n 7?.i(/b) and for any < j < fc, we have 

hi,k,j eC^K {Tlo{Y^) n 7^o(/B)), 
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and hence, for any fc > 0, 

(lnx)'=) e x'^^C ®k (7eo(F^) n 7^o(/i^))[lna;]. 

This imphes 

Suppose now that, for some integer r with 1 < t — 1 < v, we have fi e 
7^1 (y^) n'7li(/B), and a, e {±7^- + m | m G Z, j = 1, . . . for i = 
l,...,r-l. Then, by (6.4), 

e C Ox 7^o(^^) n 7^o(/e)) for 1 < i < r - 1, and < j < fc. 

This implies Ar-i ^ -Aq. In particular, by (6.3), wc get, c(^frx"^^ G ^o- 
Therefore, by (6.4), we find a,- G {±7j + m | m G Z, j = 1, . . . and 
/1t,o,o e '7^o(^v) ^ T^oUe), and consequently G 7^l(r^) n 7^l(/£;). This 
prove that € 72.i(l^) fl TZi{fE) and G {±7j + to | m G Z, j = 1, . . . , /x} 
for i = 1, . . . , I/. On the other hand, by Corollary 3.4, the power series fi are 
entries of the inverse of a reduction matrix of A^. Then, by Proposition 2.1, 
they satisfy ry{fi) 7^ for any v €: Vq. Combining this with the fact that 
fi e 72.1 (1^-) ^ ^i(/b) for i = 1, we get 

]J min(r„(/i), 1) 7^ for i = 1, . . . , n. 

The lemma follows therefore since ai , . . . , G Q. □ 

Proof of Theorem 5.2. First, by §2.3, the differential operator (p* is regular 
at 0. In addition, by Corollary 3.7, the differential system dX/dx = A-:^X 
has a solution of the form Y{^){^)-^^ e^p{Ax), where Y{x) G GLn{K{{x))) 

such that JJ min(r„(F),l) ^ 0. Moreover, we have = {T4>)* = 

«eVo 

ip* (cf. [Ma, V.3.6])). Then, by the same proof as in Lemma 6.2, we find 
that (j)* has also a basis of solutions at infinity of the form {z\, . . . , Zv)x^ 
where z^,. . .,Zu are power series of -^^[[a;]] such that JJ min(r„(2;j), 1) 7^ 

v&Va 

for i = 1, . . . , J/ and where A is a x upper triangular matrix with entries 
in Q. Combining this with Lemma 6.2 and Lemma 3.4, we find that the 
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differential system dX/dx — A^X has a solution at of the form Y^{x)x'-^ 
where Y{x) e GL^{K{{x))) such that J| min(r„(F^), 1) and where 

veVa 

C £ My(Q) is an upper triangular matrix (sec proof of Theorem 3.8). Hence, 
(/) is a G-operator and consequently tp is an iJ-operator. □ 
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